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Improved Finite-Difference Schemes
for Transonic Potential Flow Calculations
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A modified artificial density method based on flux biasing is used to solve the full potential equation in con-
servation form. It is shown that expansion shocks are not allowed with the present scheme. Typical numerical
results are presented.

Introduction

I N 1980, Engquist and Osher1 introduced a finite-difference
scheme for solving the transonic small-disturbance equa-

tion, such that only compression shocks are admitted. Some
attempts to generalize the Engquist-Osher (E-O) scheme for
the full potential equation are reported in Refs. 2-5. In Ref. 6,
the authors study a class of such schemes and prove rigorously
that rules out expansion shocks. The new "entropy" function
for the full potential formulation is related to a pseudo-
unsteady symmetric hyperbolic system and, using the results
of Lax7 and Friedrichs and Lax,8 the required inequality is
established. The analysis of Ref. 6 is restricted, however, to
steady two-dimensional flows.

In the present work, a heuristic approach is adopted. It is
known that expansion shocks are associated with negative
drag that, for potential flow, can be expressed in terms of
momentum losses. The artificial dissipation in the present
scheme leads, however, to a positive drag. Hence, expansion
shocks are not possible. The argument is not restricted to sym-
metric hyperbolic systems nor to steady two-dimensional
flows.

One-Dimensional Flows
As a starting point, a one-dimensional problem is con-

sidered. For example,

admits expansion as well as compression shocks when e = Q.
When e>0, expansion shocks are not possible. This can be
seen in the following discussion. Multiplying Eq. (1) by u
and integrating by parts yields

1 3

3
where [( ) ] = ( )2-(

eu2
xdx (2)
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Assuming that the first term on the right-hand side of Eq.
(2) is negligible, it is clear that u has to decrease across a
shock since

(3)

where <( )> - 1 / 2 [ ( )2 + ( ) , ] .
The quantity - [u3] is related to the drag.9'12 In the

above example, the discontinuity is replaced by a smooth
transition (where the gradient in the regions is large).

The shock in the numerical solution of Eq. (1) is usually
smeared over many points. To obtain a sharp shock, the
viscosity coefficient may be switched off in the subsonic
region, as for example in the Murman13 and the Engquist-
Osher (E-O) schemes. Following Jameson,14 Murman's
scheme is represented by

(U2)X=(V(U2)X)XAX

where v is a discontinuous function

= 1

(4)

w>0

The shock point operator of Murman is completely
equivalent to fitting a locally normal shock as shown in Ref.
15. Indeed, the distinction between such new schemes and
classical shock-fitting methods becomes less clear as discussed
by Moretti in Ref. 16. However, the actual discrete form of
Eq. (4) admits an expansion shock at u = 0. In this case, the
associated entropy and drag are negative. On the other hand,
the E-O scheme is defined by Eq. (5) where

(5)

and

= 0

Here, the associated drag is always positive. In the case of
the full potential equation, the E-O scheme is related to

fx — FXX^X (6)
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where

F=f

=f*=P*u*

M>\

M<\

In the above, p is the density, M is the local Mach number,
and ( )* denotes the sonic condition. It is shown in Ref. 1
that only compression shocks are admitted, with a maximum
of two points in the shock region.

Numerical Examples
The E-O scheme is easy to implement and has a con-

tinuously differentiable flux function. First, the following
Newton's linearization is considered

(dpu)x=-(pu)x (7)

where

The quantities du and <$</> are the corrections to u and </>,
respectively. Hence, Eq. (7) reads

(8)

If central differences are used, Eq. (8) becomes

1 - <t>i ) + P/- >/2 (0i ~ 0/- 1 (9)

where

For supersonic flows, the artificial viscosity leads to an up-
wind difference scheme of the form

(10)

In general, in E-O discretization^ there are two parabolic
point operators and two shock point operators.

At the first parabolic point (just upstream of the sonic
point), the discrete equation for the correction is

(11)

The corresponding equation for the second parabolic point
(just downstream of the sonic point) is

(12)

Note the difference in signs in Eqs. (11) and (12). In both
equations, the left-hand side can be interpreted as an approx-
imation of a (j)xt term, while the right-hand side is an approx-
imation of - (p<i>x)x= -p(l-M2)(t>xx. The proper sign of
the coefficient of the 4>xt term is automatically chosen at the

sonic points. It can be shown that Eq. (11) is consistent with
Eq. (9) and Eq. (12) with Eq. (10).

On the other hand, at the first shock point, the equation
for the correction is

(13)

At the second shock point, the corresponding equation is

(14)

It is clear from Eqs. (13) and (14) that the formation of a
compression shock is allowed.

In general, a pentadiagonal solver is needed to simulate
the flowfield. Only flows from left to right are considered
here. In Fig. 1, a flow with an expansion shock as the initial
condition is shown. The exact sonic solution is recovered
(maximum residual ~10~1 2) after 21 iterations. For flows
with compression shocks, it is found that 0 becomes discon-
tinuous at the shock position after each iteration, as shown
is Fig. 2.
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Fig. 1 Elimination of one-dimensional expansion shock.
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Fig. 2 Smoothing of a typical discontinuous potential solution.
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Fig. 3 Convergence of solution with and without smoothing.
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Fig. 4 Calculation of compression shock without smoothing.

Assuming that the shock is located at x0, the jump in </> at
x is given by

where </>w is the value of 0 upstream of the shock at x0, and
<t>d is the corresponding value downstream of x0. In order to
make 0 continuous, i.e., [0]^ =0, xl should be such that

Xl-X0= - (16)

Equation (16) provides a simple relation to move the shock
and smooth the potential function. The smoothing technique
was tested for the one-dimensional problem and the shock
moved as many as 13 grid points per iteration, while the
calculations remained stable. This allowed the shock to
rapidly move to its final position and thus accelerated con-
vergence, as demonstrated in Figs. 3-5. A similar procedure
was reported recently in Ref. 17 where a Newton multigrid
method was used to solve the full potential equation.

A final remark about the similarity of such a smoothing
technique and shock fitting is in order. In Newton's method,
the Jacobian is evaluated using information from the
previous iteration and the correction is calculated to conserve
mass assuming that the shock is frozen at the previous loca-
tion. The other jump condition, [<£] =0, may not be
satisfied. Thus, the present algorithm consists of locating the
shock (where the viscosity is switched off), satisfying the
jump conditions in two steps—conserving mass, and then
moving the shock to obtain a continuous potential function
using Eq. (16). Equation (16) is consistent, however, with the
weak solution of

<l>xt =

namely,

(17)

(18)

The right-hand side of Eq. (18) is At[<t>t] = [d<f>] and assum-
ing that the previous solution </>n is continuous, it follows
that [60] = [< />] , where </> = </>" + 6</>.

Two-Dimensional Flows
For steady inviscid flows governed by the Euler equations,

expansion shocks, as well as compression shocks, are possible.
However, the entropy generated across expansion shocks is
negative, while the change in entropy across compression
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Fig. 5 Calculation of compression shock with smoothing.

shocks is positive. Hence, there is a direct way to exclude ex-
pansion shocks by imposing an entropy inequality.

For isentropic flows, it is not obvious how to construct
such an inequality. It can be argued that since all the quan-
tities are not conserved across the shock, the loss or the gain
of a certain function may be analogous to the entropy pro-
duction for Euler systems. Thus, a criterion for uniqueness
of isentropic flows can be established.

This idea has been pursued in Ref. 6. The solution of the
full potential equation is considered as the asymptotic limit
of an unsteady hyperbolic system of conservation laws, en-
dowed with a generalized convex entropy function, in the
sense of Lax.7 Such a system can be written as

W/+/* + £v=0 (19)

where any real linear combination of the Jacobian matrices
has real eigenvalues and a complete set of eigenvectors.
Moreover, when w is smooth, there exists a scalar convex
function V(w) that satisfies

Vt+Fx + Gy = 0 (20)

where V is the entropy and F and G the associated entropy
fluxes. Lax has shown that a necessary condition for a
nonsmooth weak solution of Eq. (19) to be the limit (as elO)
of solutions to the regularized equation

(21)
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is that the entropy inequality

(22)

must be satisfied.
In Ref. 8, it is shown that the Hessian of V symmetrizes

the original system. The converse is also true18; a convex
function serves as an entropy function if its Hessian sym-
metrizes the Jacobian matrices.

There are some difficulties in applying the above theorems
to potential flows. Consider for example the unsteady poten-
tial equations

pt+ ( p u ) x + (pv)y=0 (23)

(24)

Equations (23) and (24) can be written in the form of a
system of conservation laws

It is not even clear (for these cases) that the potential dif-
ferential equation augmented with an artificial viscosity term
in conservation form will admit only compression shocks as
a weak solution. As mentioned before, the true unsteady
potential formulation, for example, does not lead to a well-
posed hyperbolic system and an entropy function in the sense
of Lax may not exist.

In the potential formulation, mass and energy are con-
served; momentum, however, is not conserved. Instead, en-
tropy and vorticity are conserved (the flow is isentropic and
irrotational). Consider the normal momentum jump across
an Euler shock in one-dimensional flow

Since

pu

7-1

pv

7-1

(25)

Except for one-dimensional flows, this is not a well-posed
hyperbolic system. In Ref. 6, the following pseudo-
unsteady system is used:

-pt = (pq cos0)x + (pq sinfl),

Ot=-(q sin0)x + (q cosO)y (26)

where u-q cos0 and v = # sin0. Equation (26) can be written
as

(27)

where

E =

-A =

-B =

pq/a2 0

0 1

-M2) cos0 -pq sin0

- sin0

cos0

— q cos0

pq cos0

- q sin0

If Eq. (27) is multiplied by the matrix

\/pq 0

0 1

the resulting system is symmetric hyperbolic. This matrix is
the Hessian of the convex function V=P(q) + 1/202, where
P" (q) = \/pq. The corresponding discrete entropy inequality
is used in Ref. 6. It is not clear, however, how this result can
be extended to three-dimensional or unsteady flows.

where p, and pt are the density and the pressure obtained
from the isentropic formula. § Since [AB] - {A} [B]

This relation shows that [p /w2+/? /] has the same sign as
As/R. It is also true that, for potential flows, the jump in
momentum across the shock is positive for compression
shocks and is negative for expansion shocks. (See, for exam-
ple, Ref. 19.) To show this, let q- V</> and n and t be nor-
mal to and tangential to the shock, respectively. Across the
shock

[0/1=0 (28)

? 2 ] = 0 (29)

i = pqn, r=l/p

where h~yp/(y—l)p. Let

and

Since the flow is isentropic, 1/p is a convex function of /?,
and f < l / 2 ( r l + T 2 ) . From Eqs. (28) and (29)

Hence,

and

(30)

(31)

+ m 2 [ r ] f

= m 2 [ r ] ( f - { r } ) (32)

A global condition which excludes expansion shocks is then19

/= ( gradptf-ZJdO^O (33)
J Q

'/>/ =
{1 - [ (7- 1V23M2, (u2 + v2- l)p/(7-D
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where q is the velocity vector and D the momentum tensor
pl+pqxq. Applying the divergence theorem, / becomes

/= - f pq-divDdQ+ \ [ p q - D - n ] d s (34)
J J shocks

Since divD = q-divpq = Q, the first term vanishes and

r= I [pqn (P + p(fn) ] ds (35)
J shocks/=

On the other hand, with the proper artificial dissipation, a
smooth potential solution (with large gradients in the shock
region) should satisfy the following inequality:

p u [ ( p u 2 + p ) x + ( p u v ) y ] + Pv[(Puv)x+(pv2+p)y]>Q (36)

Integrating over the field and using the relations

yields

(37)

It will be shown that with the present scheme, the inequality
equation (37) is satisfied (under some restrictions).

A Modified Artificial Density Method
The artificial dissipation can be introduced by modifying

the density based on flux biasing. In the present method, the
regularized equation has the form

(38)

where

and

p=(pq-eFs)/q, e =

F = pq M>\

= p*q* M<1

dF u dF v dF__ — __ ___ I __ ___
ds q dx q dy

Multiplying Eq. (38) by pq2 and integrating by parts
(assuming the flow is uniform or subsonic at the boundary
of the domain of integration) yields

(pv)y]dxdy= -ti(pq2)sFsedxdy

(39)

where ps= -(p/a2)qqs.
Since FQ<0, the right-hand side of Eq. (39) is non-

negative [i.e., the inequality equation (37) is satisfied] if

(40)

The constraint on the Mach number is not critical; the
potential approximation is usually not acceptable if the
Mach number upstream of a shock is greater than 1.3.
Nevertheless, this restriction can be removed. If the full

potential equation is multiplied by q instead of pq2, the
result is

(41)

The left-hand side of Eq. (41) is proportional to the drag or
the difference in momentum (pq2+p), where it is assumed
that the relation pqqs = —ps is valid for smooth flows. The
discrete analogue of Eq. (38) leads, however, to sharp
shocks, as demonstrated by the numerical results, due to the
implicit switch in the artificial dissipation.
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Fig. 6 Pressure distribution on NACA 0012 at M00=0.85 and
a = 0 deg (Cartesian grid).
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Fig. 7 Pressure distribution on NACA 0012 at M00=0.95 and
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To compare it with the present scheme, Eq. (42) can be writ-
- / ten in the form

- ; '""""""•:.. (P<l>x)x+ (P<l>y)y=Q

_ . \ where
p-(pq + e<l>ss)/q

(43)

Numerical results based on a similar scheme are reported in
Ref. 21, where the discontinuity is smoothed and is

dHZ "~"^r=— over many points.
spread

Fig. 9 Convergence rate and pressure distribution for NACA 0012
at MOO =0.80 and a = 0 deg (body-fitted coordinates).

The drag associated with the uniform viscosity scheme is

(44)
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Needless to say, the conservative form of the governing
equation is essential to recover the right jump conditions in
the limit of vanishing grid size. The conservative form of the
viscous term is necessary; otherwise, a net source is intro-
duced and affects the results.

Finally, it should be mentioned that, in general, the
discrete system may not have the same behavior as the dif-
ferential equation. For example, in small-disturbance
calculations, if the viscous term (u2)xx is forward differenced
instead of backward differenced, an expansion shock is pro-
duced.10 Although both differences are first-order approx-
imations of the differential term, the truncation errors are
completely different. In the absence of a discrete analysis, it
is assumed here that, with proper differencing, the discrete
system behaves in the same manner as the differential
system—particularly if the flux function is differentiably
continuous.

Numerical Examples
First, the present scheme for the full potential equation is

tested using Cartesian coordinates and linearized boundary
conditions. The results for an x,y grid of 64x32 points are
presented in Figs. 6-8. Next, TAIR,22 a computer code for
solving the full potential equation using body-fitted coor-
dinates, is modified according to Eq. (38). Results are shown
in Figs. 9 and 10. The above calculations are based on the
Zebra relaxation of Ref. 23.

Conclusions
The present scheme is simple to program, is parameter

free, and leads to reliable calculations. A second-order ac-
curate version (except in the shock region) can be achieved
by using a weighted three-point formula for the Fs term in
the definition of p in Eq. (38). Also, at the sonic line, a
smooth transition is assured if proper averaging (or more
viscosity) is used.

Applications of the present scheme to the unsteady full
potential equation are reported in Ref. 24.

In a future paper, a completely second-order scheme, com-
bined with a Newton linearization procedure (to guarantee
quadratic convergence) will be reported.
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